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1. GENERALITIES 
In [9] it was shown that if a Banach (or B) space X, and its adjoint %*, 
have twice FrCchet (or F) differentiable norms, then 3Y can be given an 
equivalent norm under which it becomes a Hilbert space. From the point of 
view of applications, it is desirable that L!Y, in its original norm, is a Hilbert 
space. For instance, if % is finite-dimensional, then the above conclusion 
adds little. In reviewing [9] in Mathematical Reviews [Vol. 35 (1968), p. 4021, 
R. Bonic states: “This, however, is a more difficult problem and remains 
open.” However, the characterization given above, in terms of equivalence 
of norms, is the best possible result in the sense that there exist B spaces 
satisfying the differentiability hypotheses but which are not Hilbert spaces 
themselves. The following example illustrates this statement. 
Recall that the norm 11 . 11 of X is twiceF-differentiable iff (= if and only if) 
II xo + ay II = II xo II + a(+,, Y> + ; T&Y> Y) + 4a2), (*I 
for all x0 , y in S, the unit sphere of X. Here G(x, , y) is the first and T,o(y, y) 
the second F-derivation at x0 when as 01 --f 0, the limits existing uniformly 
in y E S. The proof of the result [9] consists in showing that TzO(., .) is a 
bounded bilinear form which is positive definite on X1 x 9, , where 
X1 = {y : G(x, , y) = O}. (It is here that the twice differentiability of the 
norm of X* is needed.) Clearly, for any xi E%, xi = yi + Xix0 , yi E X, , 
i = 1, 2 and hi real, the representation being unique, The inner product 
6% F x2) = TZ,(YI 9 Y2) + hX2 II xo 112, 
*Partly supported by the NSF Grant GP-8777, and completed when the author 
was visiting Indian Statistical Institute in the Fall of 1968. 
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gives the equivalent norm Ijj x 111 = (x, x): 
Cl II x II2 < Ill x Ill G c2 II x II 9 Ci > 0, i=l,2. (**) 
With this set up, the counterexample is given as follows. Let 
O(x) = a ($ + g) , Y(x) = - $ + 6 ([l + $x]3’2 - 1) , 
where 0 < a < 1, x 2 0, is chosen such that @(l) + Y(l) = 1. The latter 
is a convenient normalization (cf. [S]). The pair (@, ?P) becomes what is 
called the complementary Young’s functions (cf. Section 3 below). Let L* be 
the space of (equivalence classes of) real measurable functions f on a general 
space (Q, Z, CL) such that N@(f) < co, where 
N@(f) = inf {k > 0 : j, @ (p) dp < @(I)/ . 
It is known [8, p. 6831 that this particular space Lo is a uniformly rotund 
and smooth (= norm is F-differentiable) B space. By [12], rotundity and 
smoothness are dual properties in reflexive B spaces, and need not be present 
for the same space. However, the present Lo has both, (cf. [S]). If 
w = Ndfo + ?fh Ndfo) = 1, fo 3 0, f EL@, 
then an elementary computation shows: 
WV = G(fo ,f> = j,f@Cfo, dP3 
WO) = G,(f, f 1 = WO) (1 - Qw + j, @“(fo) (f -foWN2 44 
and similarly for the adjoint space L y of L@. Here @‘, Y’, CD”, Y” are the first 
and second derivatives of @ and Y. Thus for the B space .% = Lo, the hypo- 
thesis of the result stated above is satisfied so that X can be given an equiv- 
alent norm, under which it becomes a Hilbert space. However (LO, IV@(.)) 
is manifestly not a Hilbert space since Q(X) # x2/2. If p concentrates on a 
finite number of points, one gets even a simpler (finite dimensional) example 
from this one. 
In view of the above discussion, it is necessary to strengthen the hypothesis 
in order to assert that S is a Hilbert space. A slight strengthening makes the 
problem very easy, however. Two simple results giving such characterizations 
are included in the next section. The final section is devoted to some inter- 
esting consequences of the smoothness properties of Orlicz spaces which will 
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complement the information of [8]. These results give a further insight into 
the structure of the latter spaces, since they are of importance in many 
applications. 
2. CHARACTERIZATION OF HILBERT SPACE BY SMOOTHNESS 
For nontriviality the B spaces 9” below are assumed to be at least of two 
dimensions. 
PROPOSITION 2.1. Let X be a B-space such that X and its adjoint X* have 
twice F-dilferentiable norms. Then X is a Hilbert space iff c1 = cs in the equi- 
vahce given by (**) above. 
Proof. Let ci = ca = c. Then II/ x//l = c Ij x /I in (**). But Ii1 . 111 is an 
inner product norm and hence it satisfies the parallelogram identity: 
lllf + g ill2 + lllf - g /II2 = 2 lllf l/l2 + 2 lil g i/12. 
Substituting c /j . // in the above, it follows that jj * II itself satisfies the same 
identity. Hence by a classical result of Jordan and von Neumann [3, p. 1151, 
X is a Hilbert space. The converse is immediate. 
PROPOSITION 2.2. Let X be a B space. Suppose either X or X* has a twice 
diSferentiable norm. Then X is a Hilbert space iff either of the following conditions 
holds : 
ll~+OfYII-llY+4 (i) sup11 a2 I:a>O/ <co, x,yESCX, 
(ii> sup 11 
//x*+~Y*II-lIY*+‘y~*II 
cd2 I I 
:a>0 <CD, 
x*, y* E S” c x*. 
Proof. If X is a Hilbert space then clearly (i) and (ii) hold. Conversely, 
let (i) hold (and let X have its norm twice differentiable). Then by (*), for 
any x, Y E S, 
II x + o(3 II = 1 + C+G Y) + $ T,(Y, Y) + o(a2>, 
II Y + ax II = 1 + ~G(Y, 4 + ‘2’ T&, 4 + ~(a”). 
Subtraction gives 
lirn II x + MY II - IIY + ~ II _ G(x,Y) - G(Y, X) 
a-0 I 012 a 
= ii [T~~(Y,Y) - TXx, 4 
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Since the first term in [ . 1 above is bounded by (i) and the limit exists in the 
above, the second term in 1 . / must also be bounded. But this can be true 
only if G(x, y) = G(y, x). Since G(x, X) = 11 x I/ , and G(x, .) E.%* it follows 
that (x, Y) = G(x, Y) is an inner product and the norm of 9 is given by an 
inner product. Hence 55 is a Hilbert space. 
The proof of the case that 9* has a twice differentiable norm and (ii) holds 
in identical, and the proposition follows. 
Remarks. 1. In all the above statements, the completeness of % is not 
essential and they are valid if X is a normed linear space. [Then 3 will be 
an inner product space.] 
2. The characterization of d as an inner product space when 
G(x, Y> = G(Y, > x was given in [4, Theorems 6.3, 6.41 under the hypothesis 
of symmetry of orthogonality in normed linear spaces defined in [4]. 
3. It may be noted from the above proofs and that of [9] that the full 
force of the hypothesis of twice F-differentiability of norms was not used. 
In fact it suffices if a weak first derivative (i.e., no uniformity in y in (*)), and a 
second such derivative for each y, exist (i.e., directional derivative in the 
terminology of [2]). Th ese marginal “improvements” are bypassed here, as in 
[9], for the sake of simplicity. Also using the results of [3], several different 
characterizations are possible. These will be omitted. 
3. SMOOTH ORLICZ SPACES 
In this section some consequences of the differentiability of norms in 
Orlicz spaces will be given because of their importance in applications. 
Recall that if (Q, Z, p) is a measure space and @(a) is a symmetric convex 
function on the line with D(O) = 0, called a Young’s function, then the 
Orlicz space L@, is the subclass of (equivalence classes of) measurable func- 
tions f on (Q, .Z, p), such that N@(f) < co where the norm iVQ(.) may also 
be given [6] by 
The complementary Young’s function Y is given by 
w4 = sup{1 x I Y - @(Y) : Y > 01. 
@p(.) is a continuous Young’s function if Q(x) > 0 for x > 0 and is a continu- 
ous function on the line. Let J&P CL@ be the closed subspace determined by 
the simple functions of L@. [Ly and Mf’ are defined similarly.] Since the 
right derivative @’ of the convex function Q, exists everywhere and is increas- 
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ing, @’ will be assumed below to be continuous. This is not a real restriction, 
as noted in [8], p. 6741. 
PROPOSITION 3.1. If (@, Y) is a Young’s pair, @(.) is continuous, and 
G’(t) t co as t t CO, then LQ is rotund and moreover dy is smooth whenever 
either (i) p is localizable (or o-finite) or (ii) J? y = L y. [A dual result holds with 
dj and Y interchanged throughout.] 
Proof. If @ is as given and ,U is arbitrary, then by [8, Theorem 41 LQ is 
rotund. Moreover, if p satisfies (i) or (ii), then by [8, Theorem l] (My)* = LQ. 
(The proof of this theorem is a consequence of [lo, Theorem 41. The N,(.) 
was defined in [8], with a different constant than one on the right, but this 
is immaterial here.) The result that JZ’y is smooth is a consequence of a 
result of Klee [5, p. 371. 
PROPOSITION 3.2. Let (0, Y) satisfy: @(*) is continuous, W(t) t co as 
t T CO. Let p be localizable. If the norm of LQ is F-dajkrentiable, then LQ = J&?Q 
and L p = &I*; and when this happens, L p is both rotund and has the property 
(HL) of Day [3, p. 1121, i.e., locally Hilbertian. 
Proof. Under the hypothesis, (&“)* = LQ, as before. Since it is also 
true that Y’(t) f CO as t t co, one has (A@)* = Ly so that both LQ and Ly 
are adjoint spaces. If the norm of L* is F-differentiable, then by Smulian’s 
results [12] noted earlier, &?” is reflexive, and hence so is its adjoint L*. But 
LQ is reflexive iff L* = J&!* and Ly = &“y by [lo, Proposition I]. Finally, 
since for a reflexive space F differentiability and (HL) plus rotundity are dual 
(cf. [l, p. 901) th e result for L y follows. 
Remark. This proposition shows that [8, Theorem 3; 6, pp. 187-1931 are 
essentially the best possible results. 
As a consequence of the above, one has 
COROLLARY. If @(2x) < C@ and Y(2‘x) < CY(x), x 3 0, 0 < c < co, 
then both L* and LY have the properties (HL) plus rotundity, as well as F-d+ 
ferentiability simultaneously. (Here TV can be arbitrary.) 
This result strengthens both Corollary 2.1 and Theorem 4 of [8], and is 
extremely useful in the approximation theory. In view of the above, and of 
[8 and 6]), it might be asked whether L* is a Hilbert space if only the Young’s 
pair (@, Y) is such that both @ and Y are twice continuously differentiable. 
A strong negative answer for this question is provided by the following: 
EXAMPLE 3.3. There exist Young’s complementary functions @, Y, both 
of which are infinitely differentiable, but neither L*, nor LY’ has even once 
F-differentiable norm. 
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For consider O(X) = (1 + X) log(1 + X) - x, x > 0, so that 
U(x) = e” - x - 1, x 3 0, and let p(Q) < 03. Then 0, Y are infinitely 
differentiable, JY’ = L@ so that (L@)* = Ly. But &‘lygLy. By [8, Theo- 
rem 2; or 6, p. 1881 &Zy has an F-differentiable norm, but not Ly. By [6, 
p. 841, dy is nowhere dense in L y. Also by [ 1 I], L’ has (HL) (see also Propo- 
tion 3.5 below.) Moreover, by Proposition 3.1 above both LO and Ly are 
rotund, and L0 is also smooth. (4’ here is not an adjoint space!) 
PROPOSITION 3.4. If W(t) t co us t T 00, and @‘(.) is continuous, with 
(@, Y) as a Young’s pair, and if A C LO, is rotund and o(L*, ~y)-sequentially 
complete, then A is a Tshebyshev set: i.e., for any f0 ELO, there is a unique 
element fi E A which is closest to f,, . (Here also p is arbitrary.) 
Since Ay is total on LO, under the hypothesis, it can be shown after a 
slight computation (given in [l 11, cf. also [7]) that every bounded sequence in 
A is sequentially compact in a(L@‘, A’) topology. This yields existence and 
then uniqueness follows easily. 
To see the significance of the above proposition, one should note the 
following result. 
PROPOSITION 3.5. If @ is as in Proposition 3.4 and A = LO(sZ, Sl!, CL), 
where @ is a sub cr field of 2 and p(Q) < 00 (a-jiniteness on J% sufices), then it 
is a Tshebyshev set. 
Proof. The subspace A of LO is a closed rotund space and so only its 
sequential completeness in o(L@, &“) need be shown so that the above result 
applies. Let { fn} C A be a Cauchy sequence in the above topology. Since it 
is known that L@ is sequentially complete in a(L@, A’) topology [7, Theorem 
3.21, it follows that there is an f. EL* such that 
vn(E) = 1, fn dtL -v(E) = s,fo 4, E E Z. 
In particular, lim n~m v,(E) = v(E), E E g holds. Since B is a u field, by the 
well-known Vitali-Hahn-Saks theorem, v(.) is countably additive on 5Y and 
the countable additivity of vn is uniform in n, in the sense that lim, vn(E,) = 0, 
for E, 4 D, E, ~g’, uniformly in n. It therefore follows (by the Radon- 
Nikodym theorem) that f. = dv/dp, a.e., and it is J% measurable. Hence 
f. E A. This completes the proof. 
The result of Proposition 3.5 applies to the LO space of Example 3.3. That 
space is not reflexive, so that every closed convex set is not a Tshebyshev 
set by [l, p. 931. The latter result says that a B space is a rotund reflexive 
space iff every closed convex set is a Tshebyshev set. The above result is of 
importance in nonlinear prediction theory [ll]. 
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